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Abstract—It is shown that spatial averaging of the local instantaneous conservation laws for mviscid
mcompressible dispersed flow yields identical results to equations obtained from a variational principle,
in the dilute limit. The equations deduced from the vanational approach extend easily to the nondilute
case. The drift flux concept reduces the 4 x 4 system of equations to a 2 x 2 system which is cast into
the framework of continuous Hamiltonian systems. The hyperbolicity of the equations is examined and
it is concluded that the system 1s 1ll-posed for isotropic dispersions. It is then demonstrated that the model
is Lyapunov stable, provided it is hyperbolic.
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1. INTRODUCTION

L.1. Background

The approach to two-phase flow modelling that is now widely used in computer codes such as
TRAC (see TRAC PD2 Manual 1982), RELAP 5 (Ransom et al. 1981). CATHARE (Micaelli 1987)
or OLGA (Bendiksen et al. 1988) is based on averaging of the original local instantaneous
conservation equations for mass, momentum and energy. Averaging may be done in time, space,
over an ensemble or in some combination of these. Details may be found in Panton (1978), Vernier
& Delhaye (1968), Bour¢ et al. (1975), Ishii (1975), Yadigaroglu & Lahey (1976), Agee et al. (1978),
Lyckowski (1978), Nigmatulin (1978, 1979), Banerjee & Chan (1980) and Drew (1983) amongst
others.

Averaging makes the mathematical aspect of the model more tractable, but in the process,
information regarding local gradients is lost. Consequently, closure relations in terms of the
averaged variables have to be supplied in order to model the local mass, momentum and energy
transfer terms, both at the wall and at the interface. In the following, we are concerned with the
derivation of these closure laws, or constitutive relations, in the case of dispersed incompressible
two-phase flow.

Incompressible dispersed flows constitute an interesting case study because they can be
considered as an approximation to a number of two-phase flow situations, yet the corresponding
phasic interaction terms are relatively well defined. In this case we concentrate on the potential flow
approximation of dispersed flow, we show in particular that the complete set of constitutive
relations reduces to: the virtual mass acceleration; the continuous phase velocity perturbation term,
loosely called *“Reynolds stress” here; and the difference between phasic and interfacial pressure
on the continuous phase side.

It turns out that these three momentum transfer terms provide a complete picture of energy
conserving momentum interaction terms, occurring in the specific situation of incompressible
dispersed flows. Moreover, the analysis shows that these three terms have a common physical basis;
the kinetic energy associated to the continuous phase velocity perturbation.

While this conclusion is not very surprising, it turns out that these three interaction effects are
generally studied rather independently from one another. Drew et al. (1979) have analyzed the
virtual mass force from the point of view of material frame indifference. Voinov (1973) derived the
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virtual mass force applied to a single sphere with infinite dilution. Biesheuvel & van Wijngaarden
(1984) pointed out the importance of the Reynolds stress type terms or velocity distribution terms,
and Pauchon & Banerjee (1986) showed that accounting for the phasic pressure difference leads
to a model having real characteristics up to a critical void fraction, which was conjectured to signal
the transition from the bubbly to slug flow regime.

Wallis (1989) questioned the applicability of these models by performing simple tests on the
various models. One of his conclusions was that by approaching each constitutive relation
separately, some effects might be accounted for twice in the model formulation. The previously
mentioned conclusion that the three momentum exchange terms have the same physical basis would
seem to validate Wallis’s point. However, we show by a variational approach that these three terms
give a complete picture of the momentum interaction effects in the case of inviscid incompressible
flow.

Variational principles provide a powerful alternative for the derivation of the constitutive
relations. Instead of averaging the local instantaneous equations of motion, we start from a
macroscopic energy functional written in terms of the averaged variables. The equations of motion
are then derived systematically from this energy functional. The traditional problem of deriving
the macroscopic forces in terms of averaged variables is eluded, as long as the energy functional
itself can be written in terms of the averaged variables. The remaining problem is to classify the
terms appearing in the resulting equations of motion, in order to derive the constitutive relations
which were identified but unresolved by the averaging approach.

Thus, it is seen that the variational and averaging approach are complementary. The variational
approach provides the analytical equations of motion explicitly, but in the process the physical
significance of each of the individual terms is lost. The averaging approach does exactly the
opposite: the physical meaning of each constitutive relation is generally understood, but their
analytical form remains a priori unknown. The Lagrangian variational approach was used
previously in the derivation of the equations of motion for dispersed mixtures by Geurst (1985a, b,
1986). Geurst presented conclusive results on the form of the virtual mass acceleration, he showed
that the resulting acceleration is objective.

The Hamiltonian formalism and Lyapunov stability of multiphase flows has been studied by
Holm & Kupershmidt (1986a, b). Their analysis focuses on the local equations. While it is well
known that a single pressure model is ill-posed, they show that the introduction of surface tension
can provide Lyapunov stability. Furthermore, they show that the use of multiple pressures and the
introduction of interfacial terms can provide Lyapunov stability and hyperbolicity. We shall show
that similar results can be achieved from averaged equations where the quantities associated with
the interfacial dynamics appear as closure relations of the averaged two-phase model.

1.2. Summary

This study is concerned with the propagation of void or concentration waves that occur in
dispersed flows, e.g. gas bubbles in a liquid. In particular, we investigate the momentum
interactions that occur when the two phases move relative to each other. To clarify these
interactions, we will ignore the compressibility of both the gas and liquid phase, which are
important in studying pressure wave propagation. Viscous forces and mass transfer between phases
is also ignored in this study. We shall derive effective equations of motion for this mixture using
both an averaging approach and variational principles. The outcome of the following study may
be summarized as follows:

e It has been demonstrated that, in the dilute limit, the equations of motion for a
bubbly liquid obtained by volume averaging the local instantaneous conservation
laws are the same as those deduced from a variational principle. The variational
approach provides the equations of motion in the nondilute case.

e It is shown that a correction term must be added to the virtual mass acceleration term
for a single bubble given by Voinov (1973). The correction term accounts for the flux
of bubbles crossing the averaging volume. The variational principle gives the form
of this term for the nondilute case.
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e The variational approach reveals that the Reynolds stress, the phasic pressure
difference and the virtual mass acceleration are manifestations of the contribution
by the relative motion to the overall kinetic energy of the system.

o It is shown that the 4 x 4 system deduced using the two approaches simplifies to a
2 x 2 system in terms of the drift flux and void fraction. The Hamiltonian structure
of these equations is formulated and the relationship between Lyapunov stability and
hyperbolicity is examined. It is found that the hyperbolicity is entirely determined
by the form of the virtual mass.

In more detail, section 2 begins with the volume-averaged instantaneous mass and momentum
conservation equations. In the inviscid incompressible limit, the constitutive relations are identified.
These relations are derived in the dilute limit by considering the motion of a single bubble in an
unbounded liquid.

Section 3 outlines the derivation of the equations of motion from a variational principle. The
momentum conservation equations are written down with a single unknown coefficient m(eg) of
the kinetic energy associated with the velocity perturbations due to the presence of the dispersed
phase. It is then shown that in the dilute limit these equations reduce to the equations obtained
from averaging.

The reduction of the system by use of the drift flux (Zuber 1964) is discussed in section 4. The
resulting system is a 2 x 2 system in conservation law form. The Hamiltonian formalism for the
reduced system is explicit. It is shown that the hyperbolicity condition reduces to the Lyapunov
stability condition, and that this condition depends only on the virtual mass coefficient. In
particular, the results imply that the equations of motion for isotropic dispersed flows are ill-posed.

2. THE VOLUME-AVERAGED MODEL

In this section we present the volume-averaged conservation laws for mass and momentum and
the constitutive relations needed for closure. In the dilute limit of dispersed flow, we will derive
the constitutive relations for the virtual mass acceleration, the velocity perturbation term and the
phasic pressure difference term.

2.1. Averaged conservation equations

For a detailed account of the volume-averaging procedure, the reader is referred to Vernier &
Delhaye (1968), Ishii (1975) and Banerjee & Chan (1980). Here we start our analysis from the mass
and momentum conservation equations of field &, as defined by Banerjee & Chan (1980):

_6& +a€k<uk> -

ot 0z 0 [1a]
and
i} ) i, 0
e+ | auy+ ey |f+a 282 - 2o Goon)y - an 32

= pelFp m)> — < m, App D+ <y (1w ) + - (T i )y, [10]

where
1 1
{fed= v kade and {f>,= v alfde-

Equation [la] is the averaged mass conservation equation and [1b] expresses the conservation
of momentum in the z-direction. Here ¢, is the volume fraction of field k in the volume V, n, is
the outward drawn normal vector on the surface of field, n, is the unit vector in the z-direction,
a, represents the interfacial area of field k and q,, is the area of contact between field k and the
wall (see also figure 1). The other variables are: p,, the density; u,, the local velocity in the
z-direction; p,, the pressure; t,, the shear stress tensor; and F,, the body force. In analogy with
bubbly flow systems, in the following we will use the subscript G for the dispersed phase or gas
phase, and L for the continuous phase or liquid phase. The (u;?) term is loosely called the
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Figure 1. A schematic drawing of the bubbly flow and the averaging volume. The averaging volume runs

from z to z + H. The solid lines inside the bubbles that cross the averaging volume represent A;(z) and

Ag(z + H). The outward drawn normals, n; and n, are shown only once each but are understood to be

given for all surfaces. The 2’ slice is the coordinate used within the averaging volume. The mean flow is
in the n,-direction

Reynolds stress and will be discussed below. The Ap,, and Ap;, terms were introduced by Banerjee
& Chan (1981) and are defined as:

V
Api == {Pu = <Pe> (2]
and
, |4
Apln=pln—z<ph>|' 3]
Notice that [2] and [3] imply that the interfacial pressure has been decomposed as follows:

P =P+ Apu + Api. {4]

This decomposition has the advantage of distinguishing the separate contributions in the
momentum exchange terms as discussed below. Wallis (1990) presents a different approach. He
focuses on the tensorial nature of the interfacial pressure. This aspect of the interfacial pressure
must also be present in [1b]; however, we are only concerned with the net force produced by such
a tensor and therefore do not examine this aspect of the interfacial pressure.
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It is important to realize that [1b] is an exact spatial average of the Navier—Stokes equation for
a mixture of two phases. Accounting for material crossing the averaging volume has been given
proper consideration. The only approximation comes when trying to deduce constitutive relations
to close the system. For a detailed derivation the reader is referred to Delhaye & Achard (1976).

Let us discuss briefly the physical relevance of some of the terms in [1b]. In the steady-state
creeping flow approximation, the term {m,-n, Ap; ), leads to the form drag. In the unsteady
creeping flow approximation, this terms contains also the normal component of the Basset force,
while the friction drag and the tangential component of the Basset force are included in the term
{m, - (1, °m)), (e.g. Basset 1961). In the inviscid potential flow approximation, the interfacial
pressure integral leads also to the virtual mass and virtual buoyancy force.

Together with the momentum transfer term associated to the term Ap,, d¢,/0z, the interfacial
pressure term {n, - n, Ap;, ), and the viscous stress integrals {n, - (t, - n,)), constitute the set of terms
representing momentum exchange between the phases.

The {n, *n, Ap;, ), term is the “symmetric” virtual mass acceleration. By “symmetric” we mean
that it occurs in both the dispersed and continuous phase momentum equations, with opposite
signs. This term represents the momentum exchange between the phases and it must be symmetric
if py, = pg,, which is clear if it is borne in mind that there is no net force associated with this term.
This idea is made more precise by the use of jump conditions (Banerjee & Chan 1980).

In the inviscid incompressible approximation the momentum equation simplifies to

5, 0 0, O¢
o [Eexuo +2 (ek<uk>2+ek<u;2 )] TR YR PR YN

The {u;?) term represents the Reynolds stress term. Here we will consider only the Reynolds
stress in the continuous phase which is due to the presence of the dispersed phase. In general, we
have

ue = U ) + ug; (6]

we will take the mean flow to be in the z-direction, so we have {u,)» = (i, >n, and it then follows
that

o wey = < P+ (ud)y,

where u'2 = (u)* + (4,)* + (u,)*. Therefore, to close the system [5], obtained by spatial averaging,
it is necessary to obtain constitutive relations for the following quantities:

(1) Ap,,.
(2 <m-m, Apj),.
(3) <ui®>.

2.2. Constitutive relations

We begin by considering the gas bubbles moving as solid particles and we will assume that the
bubbles have the same velocity inside the averaging volume. We will see that this assumption is
implicit in the work of Geurst (1985a, b, 1986). This implies that

(ug) =0. (7

We will use the average interfacial pressure to define a bulk pressure in the gas phase as follows:

Pe>= 4 {Pe) = : f pa ds. 8]
a, a, a

This definition will turn out to give the same results as the one used by Biesheuvel & van

Wijngaarden (1984) and Wallis (1989). Interestingly, this notion of a bulk pressure has been used

in the homogenization of Stokes flow around a bed of spheres by Lipton & Avellaneda (1990). This

form of the bulk pressure gives

Apg, = 0. 9]
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The determination of {my‘n,Apj; ), is more difficult. We shall ignore surface tension and
therefore find pg, = p;,, which implies that

<nG nzAp’G|>| = —<IIL'|I2 Api.l)l [10]
since n, = —ng. Also, pg, = pr, combined with Apg, =0 gives
{pc?>=<pL> +Apy. [11]

Below we present two derivations of {m, - n, Ap;,),. The first derivation follows directly from the
averaging procedure. The second derivation infers <{ng‘m,Apg, >, by a new interpretation of
Voinov’s (1973) computation of the force on a bubble.

The first derivation begins with the definition of {m; - n, Ap{,>,. We have

1 |4
<nL'nz Ap£l>l=l_/f I:le_; <pL|>|]nL'nzdS, [12]

where the integration is taken on all of the bubble surfaces that are contained inside the averaging
volume. Since (¥/a,){p, >, is a constant inside the averaging volume the second term only picks
up contributions from the bubbles that cross the averaging volume. Indeed, one can show that

1 O¢
"'ﬁj‘aln[_'nzds='a—g.

F4

This follows from Delhaye & Archard (1976, equation [4.5]). Therefore, we have

1 1 vV oO¢
<nL -, Apf.l >| = I_/ ‘LllenL ‘I ds +I_/ J;IPL:I‘L -, ds — ;,<le>|6_20’ [13]

where 4, are all the bubble surfaces that do not cross the averaging volume and 4, are bubble
surfaces that do cross the averaging volume. In appendix A it is shown that:

1 o( v
v L pub N dS = p <£G a {pu >-> +h.o.t. [14]
and
! HKey e [
?J;lpun[,-l'lz dS =¢; azL _g_# BPLnnG'nzdS +ho.t. [15]

By h.o.t. we mean terms that tend to zero ag R — 0 for fixed ¢; and O(e%)terms. Here R is the
bubble radius. By letting R — 0 we mean that we are considering only length scales in the averaged
equations that are much bigger than the bubble size. In [15] p{, is the disturbance in the pressure
field caused by the introduction of one sphere into the bubbly mixture. Substituting [14] and [15]
into [13] gives

. € , g
<nL ', Ale >| = _gﬁ JﬁlenG ‘n, das + € 52— Ale + h.O.t., [16]

where we have used [3] to eliminate (V/a,){py>.. In appendix B it is shown that
J;Pf..'k; ‘ndS = %”RJPL<DBI;G - P’%) + O(RY),
where R is the radius of the sphere and
D_0,,9
Dt ot 0z
Using the last result combined with [7] and [16] gives us

, D <up) Dg{ug? dAp,,
<nL-n,ApL,>,=§pLeG( LDIL - GDIG >+eG azL+h.o.t. (17]

There is an alternative way to infer [17]; however, it does not fit in directly with the averaging
method. We include it here because it provides a simpler and perhaps more physical way to obtain
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[17]. This is a new interpretation of Voinov’s (1973) result. Using his result Pauchon & Banerjee
(1986) showed that the equation of motion of a single bubble in one space dimension in an arbitrary
potential flow is given by

p DG“G %—lp Dgug Dpu
"Dt oz "Dt D¢

In [18] the first term on the r.h.s. corresponds to the virtual buoyancy and the second term is
commonly called the virtual mass acceleration. Clearly, from [5] this cannot be {ng * n, Apg, ),. We
identify [18] as the averaged gas momentum equation, as given by [5], using the fact that Apg, =0
and p, = pg — Apy,, we get

)+ O(R%). [18]

L+ ho.t.

D Ug apG 1 DGuG DLuL aA
Pobc—p, Ty, = Tifke\Tpr T o )T

Thus, it is apparent that the symmetrical virtual mass acceleration should be
Dgug? _DL<uL>> d4py,

Dt Dt (763 dz + h.O.t.,
which is equivalent to [17], in view of [10]. The second term in [17] seems to have been overlooked
by previous investigators.

We turn our attention to the velocity distribution term in the liquid phase. In appendix B we
consider the motion of a single sphere in a potential flow with a velocity gradient. Straightforward
calculations show that

{(ng ' n, Apg,), = % PLfc(

3
f updv = z"f ul + O(RY),
n

where u, = {ug) — {u ). Using [7] we infer
ur) =tegu?+hout. [19]

Finally, we turn our attention to the pressure difference term. We have from appendix B that

J; (pu— {pL)) dS = —nR*p u? + O(R®).

From which we infer, again using {7], that
Ap, = —ip.ut+ho.t. [20]
Substitution of [20] into [11] gives
{pe>=<p>—ipui+hot (21]

Equation [21] is well known (e.g. Biesheuvel & van Wijngaarden 1984; Wallis 1989). Substitution
of [20] into [17] offers some simplification:

0 7
R, pa = —Coum &Y = oy | S+ 2552 | o, (22

where u, = {ug) — <{u.). Equations [7], [9] and [19]-{22] complete the model. Their substitution
into [5] and ignoring the h.o.t. terms yields the averaged momentum equations valid in the dilute
limit. We find

oL [aeL {ug >

3 (eL(uL> +3 eLeGuz):|+eL Py +ip ufael' =5ch <?&+M) [23a)

0z 0z 2 \ot 0z
and

0 0 0
po 282 1 2 ooy + o Koy ~houd = S (Gr+ P2

In the next section, we turn our attention to the variational method. Starting from the
constitutive relation for the velocity perturbation term we shall show, by use of this single
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constitutive relation, that we can obtain all the constitutive relations characterizing the pressure
field. This will, in the dilute limit, reconcile the averaging and variational approach. In the nondilute
case the variational approach will lead to the form of the virtual mass acceleration with a single
unknown coefficient function of the void fraction.

3. THE VARIATIONAL APPROACH

Traditionally, variational principles have been associated with problems of Hamiltonian
dynamics. In continuum mechanics, the extension of Hamilton’s principle is straightforward in a
Lagrangian description. The difficulty arises when the Eulerian description is used. The main ideas
which resolved this issue are due to Clebsch (1859) and Lin (1963). A discussion of the problem
is given by Seliger & Whitman (1968), and the methodology is explained in Whitman (1974).

3.1. Formulation of the Lagrangian

We follow the approach of Geurst (1985b), however since we consider the incompressible case,
there will be slight differences, namely the introduction of an additional constraint. We shall also
show that there is an implicit assumption in Geurst’s derivation, which is that all of the gas bubbles
in the averaging volume have the same velocity. The Lagrangian is defined as the difference between
the kinetic and potential energy of the system. Since the two phases are considered incompressible,
the Lagrangian reduces to the sum of the averaged kinetic energies of the two phases per unit of
total volume:

1
K=Z— %pkuk'ude
Vi v,

k

and

K=§,%£kﬂk<"k'“k>,

where K is the kinetic energy density of the averaging volume. As before, we assume that the flow
is one-dimensional in the z-direction, so that

Ca ) = (upon,

and

1
R=3T ape(udt + @) 24)

It is clear from [24] that {uZ ) must be considered, although one is tempted to argue that since
pe is small its contribution will be small. However, we shall see below that {ug) can play an
important role in the {u{?) term. To see this, we first write the liquid velocity as

u = V((u,_ >Z + III)

This must be true since we have taken the fluid velocity to be governed by potential flow. Assuming
the bubbles move like rigid spheres the boundary condition on the jth bubble is

V¥ - ng = (ug, — {uom;) - ng, (23]

where ng and ug, are the outward drawn normal and velocity of the jth bubble, respectively. The
Reynolds stress term is then

1 1
2N = — 2dV =— VY |2dV. 26
{ut’ v, J‘V._ lug | v, VLl | [26]

Since the flow is incompressible then V2% = 0. The equation for ¥ is linear and the solution must
be of the form

=3 (ug— (uom,) P, 27
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where N is the number of bubbles in the averaging volume and ¥, is a vector-valued function that
is entirely determined by the position of the bubbles. Substituting [27] into [26] produces:

N N
wiy=Y ¥ (ug— udn,) 4,(ug,— (udn,), (28]

=] =]

where the superscript T denotes transpose and 4, is a 3 x 3 matrix for each / and j. The matrices
A, depend only on the position of the bubbles. We would like to express [28] in terms of the
averaged quantities, {ug) and {u ), since that is not possible because of all the cross terms we
assume, instead, that the bubbles have the same velocity in the averaging volume and move in the
same direction as the fluid, therefore we take

qu = <uG >nz V]’
which of course implies that
(ug>=0. (29]
This assumption was made implicitly by Geurst (1985a, b, 1986). Substitution of this into [28] gives
N N
Cup?) = (Z > angn,>(<uo> — Uy 30]
im] jm]

The function multiplying ((ug > — <{u>)? is solely determined by the configuration of the bubbles.
Geurst’s assumption was that [30] can be written as

Cui? ) = mleg) Kug > — <u )Y = mleg)u}. (31]

The coefficient m(eg) is a phenomenological relation that depends on the details of the flow
configuration. It should not be confused with the virtual mass coefficient. It is another phenomeno-
logical function that is quite different for nondilute bubbly flows. Wallis (1989) calls this the exertia,
Smereka & Milton (1991) call it Reynolds stress coefficient. We know from [19] that in the dilute
limit

mleg) = €.

For the sake of convenience, we will now drop all symbols denoting averaging. From [24], [29] and
[31], the kinetic energy density of the two-phase mixture is

K=%6LpLu{+%eLme(€G)u$+%€GPG“§- [32]

In the case of compressible flow, the Lagrangian is equal to the kinetic energy since there is no
potential energy. However, no information concerning mass conservation is embodied in this
expression. Thus, we must add to our Lagrangian, constraints expressing conservation of the mass.
Following Geurst (1985b) we define the following constraints:

0 OeLu O¢ Oegu
L= ‘DLPL(a—tL + 52 L) + ¢GPG<—G + ——G‘—G‘), [33]

where @, and P are called Lagrange multipliers (functions of z and ¢ only). In addition, we shall
treat the individual volume fractions as independent variables, thus it is necessary to add the
following constraint, where @, is also a Lagrange multiplier:

Ly =®.(ec + L) (34]

A similar constraint was used by Bedford & Drumbheller (1978). Thus, our Lagrangian density is
expressed as

and the variational principle reads:

a”Ldzdz=o, [36]
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where & is the differentiation symbol in the space of dependent variables (¢g, €., U and ;).
Application of the variational principle [36] for the four variables u;, ¢;, ug and ¢g yields:

ouy: € pLuy — e meg)pLu, — €LPL a;p =0, [37a]

deL: 1oLul +im(eg)pLul+ @, — p"(aatL + uLa—:;—") =0, [37b]

Oug: €GPcUG + eL.m(eg)pLU, — €6 PG % =0 [38a]
and

beg L poud+hem (eo)puut + B, — po(a;’f L °) -0, [38b]

where the ‘ stands for differentiation with respect to ¢;. Combining [37a, b] and [38a, b] to eliminate
09, [0z yields:

[
seLprul — epprm(ec)uu — jem(eg)pLu? — P, + eLpr 'a_tL =0 [39a]
and

0dg
YeoPcud + eemieg)pLu i — jeLegm’(€c)pLu? — e Py + €6 Pc R =0. [39b]

3.2. Equations of motion

To derive the equations of motion, we eliminate ¢ and &, using [39a, b] and [37a] and [38a]
to obtain:

0 0 9 o, , Oe
pL(EeLuL + 5;‘1.“%. + 52‘61.'”(50)“3) - GLE +3eLpm (&;)“33—:

0 0 Oug
= +pL<a eemiegu, + e — epmegu ug + egm(eg)u, —— e ) [40a]

Similarly,
0 0 0
Pl = €ctic + 7 €cub | — €6 = (P, + 1 €L pLm (€6 )u?)
ot 0z 0z

0 0 dug
= —p,_(a eem(eg)u, +a e.m(eg)u, ug + egm(egu, —= e ) [40b)

Comparing {40a] with the averaged momentum equation [5] for phase L, we see that
¢a = —DPv,

and further comparison reveals that:

(1) The velocity distribution term is, as postulated,
Uy = m(eg)u’. [41a]
(2) The phasic pressure difference terms are
Apy = —ieem’(eg)pLu; (41b]

and
Ap(‘,, = 0- [41C]

(3) The symmetric virtual mass acceleration is

0 d Ou
(ngm,Apg, ), = pL(E eem(eglu, + % eLm(€g U, ug + e,m(eg)u, a_zG> [41d]
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Equation [41d] confirms the result obtained previously by Geurst (1986) who also shows that
this acceleration is objective. A result similar to [41b] was also obtained by Lhuillier (1985). It is
interesting to notice that since — @, is the average pressure then L, is a work term since ¢; and
¢ are akin to volumes. If we compare these equations with those obtained by Wallis (1990), we
see that if his coefficient E plays the same role as our coefficient m, [41b] corresponds to equation
[48] in Wallis’s work, and if p, (the “interfacial stress tensor™) is identified to the dispersed phase
pressure, equation [47] in Wallis (1991) is identical to [41a]. This shows that the two approaches
lead to the same conclusion. Wallis (1990) does not propose a form for the mutual interfacial force
defined as f,,. It is possible that if it includes a term equivalent to a dispersed phase pressure
gradient, his equations of motion [37] and [38] will not be essentially different from the one
proposed here.

3.3. Generalized Bernoulli equations

From [39a, b] we seek to derive Bernoulli type equations for each phase. These equations should,
however, be independent of the phases, except for the velocity perturbation term which arises only
in the continuous phase. In addition, these should reveal the energy exchange term corresponding
to the “symmetric” virtual mass acceleration. Substituting — &, with p, and using [41a, b] leads
to:

, 0P
yoLeLul + 3 precult) — eomieg)pLit,ug + €LpL + pLér EE =0 [42a]
and
0P,
3PcEcUs + eLm(eg)pLuug + €6 Pg + €6 P 6_tG =0. [42b]

These are the Bernoulli equations for both phases. As anticipated, the velocity distribution term
occurs only in the continuous phase. Interestingly, [42a, b] suggest that the energy exchange term
is precisely

eem(eg)pLu, . [43]

This energy transfer from the gas to the liquid is manifested by a lower pressure in the liquid phase
due to the Bernoulli effect, see [41b], and by the additional kinetic energy associated with the liquid
velocity fluctuations in the liquid. Thus, [42a, b] clarify the connection between the liquid velocity
perturbation, the symmetric interfacial momentum transfer term and the virtual mass force. Wallis
(1990) also found similar Bernoulli equations and examined their consequences.

3.4. Equivalence of the averaging and variational approaches

To begin, we note that when ¢ = 0, ¢, = 1, m(eg) - €5/2 and m’(eg) = 1/2. Therefore, it
follows that as ¢g — 0, [41a] and [41b] become

<“£2 =%€Gu3 [44a]
and
Ale= _%pLufa [44b]
respectively, which are in agreement with [19] and [20]. Next we write [41d] as
ou, Ouug ou
‘mADL S = ity 4 — ’ =6
{ng-n, Apg,>, PLm(fo)€L<at + % >+ pLim(eg) — eLegm’(eg)lu, 7z
Notice that in the dilute limit m(eg) = j¢g, so the above expression becomes
ou, Ouu
. , =1 pulad4 r 4G
<nG nz ApGI >| 2 pL€G< 6[ + az )a [44C]

in agreement with [22]. Therefore, [44a—] show that the averaging approach yields identical
equations to the variational approach in the dilute limit. This means that the dilute limit of [40a, b]
is identical to [23].
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3.5. Discussion

It has been established by Geurst (1986) that the form of the “symmetric” virtual mass
acceleration given by [41d] is objective when written in three-dimensional form. Geurst’s result is
valid for any m(eg), therefore if we take m(eg) = 3¢ we infer that the three-dimensional form of
[44c] is also objective. There is a direct way to see that the “symmetric” virtual mass must be
objective from the work of Gurtin & Struthers (1991). They show that any interfacial force that
acts on an interface of zero mass must be objective. In this case, the interfacial force comes from
the interfacial pressure and we assume the interface to have no mass.

The discrepancy between [44c] and the virtual mass acceleration proposed by Pauchon &
Banerjee (1986) or Drew & Lahey (1987) amongst others, shows that the symmetric virtual mass
acceleration is actually the sum of the acceleration commonly used,

Ju, ou Ou
ayy = Jz'P1.€G<E: + ug —a;G‘ —u 6_;)’ [45]

plus the contribution of Ap,, as explicited in [17]. The difference between [44c] and [45] arises from
the liquid pressure gradient (or virtual buoyancy term) which enters partially in [44c] and [22].

The results contained in [41a—d] show that the form of the constitutive relationships is determined
solely from the expression for the Reynolds stress term. Thereby indicating that the constitutive
laws for the phasic pressure difference Ap,,, the Reynolds stress (u{?) and the “symmetric” virtual
mass term {n,-n,Ap;, >, are intimately related. Erroneous conclusions may be reached if these
terms are approached independently.

To include bubbly flows with higher void fractions, we may use the constitutive relations [41a—d].
However, the problem of determining the form of m(eg) remains. Wallis (1989) and Smereka &
Milton (1991) have related m(cs) to the effective conductivity of a composite material containing
a uniform conductor and insulating spherical particles. This allows m(eg) to be determined for
nondilute mixtures. The importance of this function will be discussed in the next section.

4. PROPERTIES OF THE EQUATIONS OF MOTION

In this section we shall outline several important properties of equations describing the flow of
two-phase dispersed mixtures. To begin this analysis we reduce the model to a set of two equations,
using the drift flux concept, see Zuber (1964), Wallis (1969) or Pauchon (1989).

4.1. The reduced system
Adding both mass conservations [la] gives:
3
‘é];o = 0, jo = €glUg + € UL, [46]

since ¢g + ¢, = 1. This means that j, is only a function of ¢, and determined by the boundary
conditions. We shall take j, to be a constant and consider the transformation

z¥ =2z —jt
and

t*=1.
Then the velocities transform as:

ug =wu.— Jo,
more specifically

ut = —cgu,
and

ug=cu,.
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The mass conservation equations transform as

aCk aﬁkuk
o T o =0.

Substitution of uf and u& into the transformed equation shows that both conservations become
identical:
O¢ oJ
azi +3=0, J=cau, [47
where J is known as the drift flux. In the following analysis, we propose to drop the * sign and
we set:
&G=¢ e¢=1—¢

Substituting the transformed velocities into the expression for the kinetic energy gives:

K =ir(e)J? [48]
where
pc, pLm(e)
I'(c) =
©= + (1 —¢)e?’
The new Lagrangian can be written as
e dJ
=K—-¢
L= (at 62) [49]
using — & instead of & as a matter of convenience only. The variational principle reads
é jL dzdt =
Computing the variation of L we find:
de:  ir(e)J*+&,=0 [50a]
and
oJ: Jr +¢,=0, [50b]

where the index ¢ indicates differentiation with respect to the variable e.
One can eliminate @ to obtain an equation for J, which combined with the constraint of mass
conservation yields the reduced set of equations:

de oJ

5 +t7 =0 [S1a)

and

0

EJT (%I‘¢J’)=0. [51b]
The first equation expresses mass conservation and the second equation is a slip equation, written
in a frame of reference moving at the velocity j,. In [51a, b] we recognize the form of the slip
equation derived by Pauchon (1989) in the case of a single pressure model (by setting m = 0). Note
that in [51a, b] the presence of the virtual mass does not modify the structure of the slip equation.

4.2. Hamiltonian formalism

We now propose to derive the equations of motion in yet another way in order to clarify the
Hamiltonian formalism of the equations of motion. The first part of this derivation is inspired by
the work of Seliger & Whitham (1968).
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From the variational method, we see that JI' = — @,. Substituting this into the expression for
the kinetic energy and using integration by parts on the constraint yield an equivalent Lagrangian:

L¥= —— = +¢9,.

3T S t+e [52]
The important point here is that by the use of a potential representation for I'J, we can eliminate
the explicit appearance of the constraints. One can readily verify that

6-[L"dtdz=0

yields the equations of motion. We shall use L* to derive the Hamiltonian.

To form the Hamiltonian, one can simply follow the natural generalization of Hamiltonian
mechanics from discrete systems to continuous systems (e.g. Leech 1965). The generalized velocity
is &@,, and consequently the generalized momentum is

oL* —
0o,
and the Hamiltonian density is given by
oL*
= — *
H= 30, &, —L*
Thus, the Hamiltonian is
+© +00 ¢2 dz 3
= Hdz = —Zdz.
" 4 le dz f_w T [53]
The canonical variables are (&, ¢), consequently the equations of motion are
o¥ -rI, ,
=% = [54a]
and
oX¥ (&
=—-——=({=Z]. 4
“= 50 (r ) [540]

Unfortunately, these equations are written in terms of a potential, which is not a physically
interesting variable. To transform the problem to physically relevant quantities, it is useful to
introduce the Poisson bracket:

v (3F 59 OGOF
{f,g}_j_w (w'a?"% 5e)dz 55)

where # and ¥ are functionals of @ and ¢ [see, for example, Morisson (1981) or Holm &
Kupershmidt (1983)]. The equations of motion are

F = {F,H}.
We shall now use the Poisson bracket to transform the equations of motion. We have
ri=-9,=M, [56]
then the Hamiltonian becomes
> = :: -’;-’fz dz (57]
and by the chain rule for functional derivatives (Morisson 1981) we have
OF O00F

M 3z 60
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Substituting this into the Poisson brackets and using integration by parts we find

ro (5F 358 6F 0 69
- — —— e e —_— s 5
t#.9} L, <6M 32 3¢ T 3¢ 5z 6M)dz 38}

Thus, we can write the equations of motion as

68 & (IM
M={M ¥} =5 "% (T) 5l
and
06X 0 (M
e={eH}=—5—r=—% (T) [59b]

We note that the bracket for these equations has a slight similarity to the Poisson bracket for
compressible flow (see Holm et al. 1985).

4.3. Hyperbolicity
We write our equations of motion as

MrT, 1

€ T r €
=0. 60
<M>, T\ mry M, (M) 0 [60]

2 \r?j, r’

The eigenvalues of the above matrix determine whether or not the model is hyperbolic. We find:

Mr ar:—rr\'»
£l S ta) | 1
= (] o

Therefore, the model will be hyperbolic if
2r:—rr,>o0. [62)

This result is surprisingly simple, considering that it applies to a broad class of two-phase flow
models. To investigate the consequences of the above condition, we take

m(e) = cpe(1 + cp€), [63]
then one finds:
2p.(1 + ¢+ cocy) (PG + CopL)
el —¢) '

Thus, we see that if the virtual mass is neglected (set ¢, = 0), then the model is not hyperbolic. This
is consistent with the fact that the single-pressure model of two-phase flow is ill-posed. For spherical
particles, we know that ¢, = 1/2. Therefore, the hyperbolicity condition is

¢ +3<0. [65]

As mentioned previously, the function m(cg) has been studied. This work shows that for random
isotropic distributions of bubbles ¢, = 0, which indicates that the model is not hyperbolic. However,
Smereka & Milton (1991) show that if the bubbles cluster, the resulting equations are found to be
hyperbolic.

r:—Ir,=—

[64]

4.4. Lyapunov stability

In this section it will be proved that the condition for Lyapunov stability coincides with the
hyperbolicity condition. The basic ideas as well as an overview of the subject and its applications
can be found in Holm et al. (1985). The first step is to find as many conserved functionals as
possible. For example, mass, momentum and energy. We then take an arbitrary linear combination
of these, which we call #. Then one must show that there are solutions of the equations of motion
which are critical points of #. The more general one can make &, the wider the class of solutions
one can study. After ensuring 6 # = 0 for some solutions, one computes the second variation 62#
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for these critical solutions. If one can show that 62 is definite in sign, then 62 can be used as
a norm to measure the distance in the space of variables, between a given solution and the critical
solution. Further, since # is a conserved quantity, this norm can be controlled by the initial
condition. Thus, linear Lyapunov stability is established for critical solutions. To begin, we list the
constants of motion:

(* +o0
M=\ Mdz [66a]
e=| edz [66b)
f+o© MZ
o= | .3F dz [66¢]
and
f* + 0
R=| Medz [66d]

The first two follow from the conservative form of the equations of motion, the next is a statement
of energy conservation and the last is obtained using the translation invariance of the equations
of motion and Noether’s theorem (see Geurst 1985b). One may verify that they are constants of
the motion by using the Poisson bracket, e.g.

H,={H, H}=0 [67a]
and
R, ={R,H}=0. [67Y]
Consider the following functional:
F=H+aM+alf+aR [68]

Computing the first variation of # gives

+o - 2
5f=Jl [(—?-I—dl+03€)5M+(—%l—+az+a3M)6‘]dz' [69]

~ 0

We wish to find solutions such that 6% = 0. Clearly given any constant solution, we find a, and
a, such that this condition is satisfied. Next we evaluate the second variation of & at the constant

solution:
o [((SM)? r'M ar:—-rr
2z — - Toe T« 2
0F = J‘_w [ T +2(a, 2 )666M +( T (d¢)* | dz. [70]
The definiteness of 524 can be optimized by choosing a, as
MT,
ay = ? . [71]

Notice that —a, is precisely the propagation velocity C of the energy density (see Whitman 1974),
defined by

0H O0CH
C+=l=0 [72)

Now given [71], it is apparent from [70] that the linear Lyapunov stability condition can be written
as

§'F >0 if 2I'2—Ir,>0. [73]

Comparing [62] and [73] shows that the conditions for hyperbolicity and for linear Lyapunov
stability coincide. In this problem, the higher order terms (6°#) are simple, and a straightforward
argument could show that this is also the condition for nonlinear stability (see Holm et al. 1985).
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Finally, we mention that if the hyperbolicity condition is met, then it is possible to show that
the 2 x 2 system of equations given in [60] is genuinely nonlinear in the sense defined by Lax (1973).
This means that the characteristic speeds increase along the eigenvectors. The upshot of this is that
shock waves will develop in a finite time.

5. CONCLUSIONS

The present study exemplifies the complementarity between the variational approach based on
an energy functional, and the averaging approach based on the local instantaneous equations. The
former leads directly to the equations of motion, but does not keep track of the physical significance
of each term appearing in the equations. On the other hand, the averaged equations help classify
these terms into a set which is clearly identifiable. In this case:

e The “symmetric” virtual mass acceleration {n, - n, Ap;>..
e The phase pressure difference term Ap,,.
e The Reynolds stress due to the presence of the dispersed phase (ui*).

We first derive these terms by volume averaging. Then starting from the kinetic energy imparted
to the continuous phase by the presence of the dispersed phase, we deduce the form of the
symmetric virtual mass acceleration using Lagrangian variational methods.

In particular, it is shown that the virtual mass acceleration, the phasic pressure difference and
the Reynolds stress associated with the velocity perturbation in the continuous phase, are three
undissociable and complementary manifestations of the interactions between the phases in
dispersed flows. Separate Bernoulli type equations are derived for the individual phases, and we
identify an energy exchange term due to the relative velocity. Our analysis shows that the result
from Voinov (1973) on the virtual mass was interpreted incorrectly, and that it actually leads to
an objective acceleration in three dimensions. Furthermore, we show that in the dilute limit the
model is never hyperbolic. It is conjectured that the effect of bubble interactions might make the
model hyperbolic.

The Hamiltonian formalism of the model is investigated using a reduced set of equations based
on the drift flux concept. It is shown that the linear Lyapunov stability condition coincides with
the hyperbolicity condition.
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APPENDIX A

Here [14] and [15] are established. We will first show

1 0 14 deg 2R
Vf_pL,n, nzdS—Eg(éczl(pl_,),)'i'O(RE)"’O(?) [Al]

a,

To begin, we split this into two terms:

1 1 1
% J'a. pung "0, dS = % er pun -0, dS + % Lm puig -0, dS, (A.2]

where d; and g are the surfaces of the bubble that intersect the averaging volume but are
contained inside it. To proceed it is useful to introduce the following definition:

S [ puas, [A3]

=1 B/

o]
le(z )—N|4Tl,'R2

where N, is the number of spheres that intersect the plane z’; j,(z’) is then the average interfacial
pressure of the bubbles that intersect this plane. We now use [A.3] to rewrite [A.2] as

1 1 _
I_/_[ pung -0, dS =l_/f [pn, — Pu(z + H)In, - n,dS
4 ar
1 ( _
kT, [pv — P (z)n - n,dS
1 _
Y, le(z+H)nL'nzdS
Vu".T
1 o

Jép

Pr,(2)n. - n,dS. [A.4]
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By definition p;, does not vary when integrating around the bubbles at a fixed value of z. Therefore,
the last two terms of [A.4] are equal to

1
p-Ll(z+H)T/j

ar

1 1
nL'nzdS +13L1(Z);J nL'nzdS =l—/ {ﬁLl(Z +H)AG(Z +H)—p-L|(z)AG(Z)}’

ap
where A (z*) is the area of the gas phase at the plane z = z*. Now using the Leibnitz formula,
the above expression is

L2 p oy a2 AS
=75 | AuEaE)dz [A5]
To study [A.5] further we split it up among the bubbles. Therefore, we write
1 z+ H _ 1 N Z+R
> f Pu(z)Ae(z)dz’ =2 ) Pu(zNAg(z)dz’, [A.6]
V z Vj-l Z~R

where Ag;(z*) is the area of the jth bubble that intersects the plane z = z* and z, is the location
of the center of the jth bubble. Notice if A (z*) =0 if z* is outside the averaging volume and that

z, + R
[ " Ag(2)dz =1, [A.7]
zj—R

where 7, is the volume of the jth bubble that is contained in the averaging volume. Now we expand
Pu(2’) in a Taylor series about z,. Therefore,

(@) =hu(z) +hu(z)@ —z)+ - . (A.8]

Clearly pi,(z,) must be small because if we change z, by a small amount to z,+ h then the plane
at z = z,+ h must still intersect mostly the same bubbles. Indeed, using [A.3] one can establish that

. 1 deg
puz) = 0<¥ —a-z—> [A.9]

This result explained simply by the fact that eg' 8,¢g represents the relative change in N, as one
varies z. The ¢g' term seems to be problematic but we shall see below that it poses no problem.
Substitution of [A.7HA.9] into [A.6] gives

1 z+H _ , , 1 X B aeG
7 f Pu(e)Ao()dz =3 Y Au(a) + O(R 5)- [A.10]
We write the sum as
1 ¥ 1 L 1 X
7 L@y =347R ¥ hu@)+ 5 X AuG), [A.11]
J=1 71 J=1

where N is the number of bubbles that do not intersect the averaging volume and N is the number
of bubbles that do. Since N is O(¢gRN/H) then it follows that the second term in [A.11] is
O(eg R/H). Further, it follows from the definition of ji, that the first term of [A.11] is equal to

4nR’® % 1
3V ,S14nR?

Therefore, combining [A.12], [A.11] and [A.10], we have:

1 (¥ N, 4nR* ¥ deg )
7J~, Pu(zNAg(z)dz’ = % ,; Ljp,_, dS+0(RE)+0(eGﬁ>,

which to the same approximation is

j pudS. [A.12]
BJ

S

66(;,

1 z+H_ , , V eZG
;,j Pu@)4o(@) dz =—eopu) + O( R52 )+ O Z R [A.13]
2 i
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Now substituting [A.13] into [A.5] and combining with [A.4], we have:

1 0 d
V'[IPL:'IL n, ds—a(ﬁs <PL|>)+0(R ;G)+0<6§ )
+T,j‘ [le_ﬁl(z+H)]nL'nzdS+_l'

Vﬁ:n

The last two terms must be small since the average part has been subtracted out. Therefore we
conclude thay they must be O(tN/V) = O(¢3 R/H). Thus, [A.1] has been established.
Next we turn to demonstrating that [15] is true. We have

(pu — £i(2)In. - 0, dS.

N
LV pmends=< 3 | pun-n.ds, A.14]
28 V&l

=1

where B, is the jth bubble totally enclosed by the averaging volume and N is the number of such
bubbles. To develop this expression further we write it as

1 N
Z lenL'nzdS = _I_/ Z f (le-_pJO)nG'nzdS Z pJOnG'nzdsa [AIS]
3

jsl B, J=1 j=| B,

where p,, represents the pressure field if the jth bubble was not present. The reader is reminded
that here we have used n, = —ng. Since p,, is the pressure field when there is no bubble present
it must be close to the average liquid pressure. However, it will vary slightly within the averaging
volume. We expand p,, about the average liquid pressure:

o{pL>
0z

where z’ is the coordinate in the averaging volume and z,,4 is the middle of the averaging volume.
Substituting this into [A.15] gives:

N
%ZJ‘ Dol * N, dS—ﬁa<pL> +h.o.t.
P

Po=<p>+ @ = zZma) + s [A.16]

0z
_ o<{pL)
= o +h.o.t., [A1T]
since
Nt eLR
60_7+0< (;1 ); [A.18]

where H is the height of the averaging volume. The second term in [A.18] arises from the fact the
bubbles on the boundary make a very small contribution to the void fraction. p;, — p,, represents
the disturbance in the pressure field caused by the introduction of a bubble. Since we have assumed
that all bubbles in the averaging volume have the same velocity then it follows that

'f plng-n,dS + o<‘j{R> [A.19]

where p{, = p,, — PLo and we have used [A.18]. The higher order term is similar to the previous
equation. Substituting {A.17] and [A.19] into [A.15] gives [15].

1 8 e
_I_/,; L (PL,— Pyo)ng - n,dS = I

APPENDIX B

Here we derive several formulas needed in section 2.2. In order for the averaged equations to
be Galilean invariant it is important to include gradients in the calculation of these terms. We are
interested in potential flow around a sphere, but first we consider the velocity potential without
the presence of the sphere. Since the flow is incompressible we have

u = —V®,, where V¢, =0; [B.1]
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where ¢, is the undisturbed velocity potential. The simplest potential function that produces a
liquid velocity with a gradient is

¢o= —v(t)rcosh — @r’@ cos?f — 1), [B.2)
where r and 6 are spherical coordinates and z = r cos 6. From [B.2] it is easy to see that
u -n,=v(t)+a()z [B.3]
and
Ouy.
u(z=0)=v(@) and —| =a(). [B.4]
02 z=(

Now we introduce a sphere of radius R into the flow that is placed at z = 0 and is moving with
a velocity ug = ug(z, t) in the z-direction. We look for a new velocity potential satisfying:

(i) ¢(r—o0) =4,
(i) V¢ =0.
(i) V¢ 'ng= —ug(n, ng).
The solution to this problem can be computed using Weiss’s sphere theorem (see Milne-Thomson
1968) and the result is
¢ = ¢0 + ¢ '
where
ug—v)R*cos @ aR’
% - 570 cos? @ — 1), [B.5]

and we are now in the frame moving with the bubble. The pressure equation in a frame moving
with the bubble is

¢’=

0
%3981 -(3F ) +son-v0 =c(0

where the subscript G emphasizes that the time derivative is really a material derivative. Since
pL(r = o) = po(r = o), where p, is the pressure with no bubble we can eliminate ¢(¢) and we find

PL=Po_ d¢’ —%|V¢'|2——(uc,n,+V¢o)'V¢'- [B.6]
PL ot Jg

Therefore, we have

”—an-n,ds=znxzf"[(a¢) —%|v¢'|2—(an,+v¢o)-v¢']smocoso d.  [B.7]
G

2PL 0 ar
Substitution of ¢, and ¢’ into [B.7] yields, after straightforward calculations,
0 0
ping n,dS =R {(58) —Z +a()lus(t) — o]} [B.8]
B ot Jo Ot

Substituting [B.4] into [B.8], we have

du du du
‘mendS =22k | (P4 _ (%% LY
J‘BPLnG n,dS =3inR PL[( a2 )G (6[ >G+(uc u) 3z :|z=0

Transforming back to the lab frame we have

6uG _ auG 5uG
(W)G“ o T

Ou \  Ou Oug
(E)G‘W“‘G oz

and
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Interpreting u; as an average velocity we have

Dt Dt

However, we have ignored higher order effects by our choice of potential function. We infer from
the work of Voinov (1973) that the error in the above expression is O(R%). The velocity fluctuation
term is

j ping n,dS = %nR’pL(D—Gu—G - D—L<1Q) + O(RY). [B.9]
B

J ude=f V(¢ — ¢)I* dV

27R3
3

(ug —v)*+ O(R). {B.10]

Also we, have

L (p—<pL>)dS = L(pL—po)dS + L (Po—<pL>) dS.

The first term is found by using [B.6] and the second term using [17]. The second term is zero except
for O(R®) terms. We find

L (P~ {p)) dS = —p R g — 0)} + O(RY). B.11]

Both [B.10] and [B.11] are revealed by straightforward integration in spherical coordinates.



